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Abstract

We present a novel nonlinear multi—objective optimiser, which belongs to the family of adap-
tive scalarisation methods, and refer to it as Choquet Adaptive Scalarisation (CAS). We
utilise the Choquet integral to scalarise multiple objectives, adaptively update the parame-
ters using non—dominated solutions, which are obtained during the minimisation of scalarised
sub—problems. Thanks to the non-linearity of Choquet integral, our method can capture
non—convex, curved, disconnected and unevenly distributed Pareto front. The performance
of CAS is demonstrated under different scenarios of ZDT1, ZDT2, ZDT3, DTLZI1, and
DTLZ2. Besides, we benchmark CAS against a baseline algorithm, by replacing the Cho-
quet integral by a linear scalarising function and updating parameters via NNLS. We claim
that CAS offers slight improvement in terms of Hypervolume and number of non—-dominated
solutions found. Our proposed method and the experiments are publicly available in this
repository.
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Response to feedback

e Comment 1. Wrong concepts given in Sec. 1. = Fix the underlined sentence and
remove “there are”.

e Comment 2. An acronym is not defined elsewhere earlier in Sec. 2. = Add its full
name.

¢ Comment 3. In the Sec. 3:

— Review Def. 3.5. = Within that definition, fix to non—dominated solution, rather
than solutions dominating others. A short note about “local Pareto—optimallity”.

— Under Def. 3.7 and Def. 3.8, add a note that these points may not obtained in
F*. = Add one sentence to clarify this, below Def. 3.8.

— Above Sec. 3.3, add another section introducing the weighted sum method and
scalarisation method, in general. = Add a new section.



— Fix the set notations in Sec. 3.3 = Define a new set K of indices of the objectives
and align the definitions.

— Define “non—decreasing permutation” = Add Def. 3.19

Fix the proof of Remark. 3.21.
— Modify Def. 3.20.

Fix Fig. 1.

— Add Mobius transform and short note on capacity representations.




¢ Comment 4. In Sec. 4.2:

— Modify Def. 4.3 and devoted a short note.

— A short note on what “lexicographic order” is, below Alg. 1.
— A short note on what FILTER(-) does, below Alg. 1.

— Define what NLP(-) does, expanded Alg. 1.

— Provide an informal sketch of how the algorithm conceptually works.






1 Introduction

Optimisation plays a pivotal role throughout the history. It may either appear explicitly as
a problem—solving method or implicitly when completing daily tasks. A single-objective opti-
misation can be minimisation of time taken to complete a task or maximisation of profits in
investment. Undoubtedly, single-objective optimisation is insufficient for complex problems, es-
pecially when we have to resolve the conflicts between the objectives, meaning improving some
criteria resulting in worsening the others. Therefore, Multi-objective optimisation (MOO), or
multicriteria optimisation or vector optimisation, is preferable and has been proven to yield bet-
ter outcomes in real-world practices. The applications of MOO are, including but not limited to,
balancing amongst conflicting objectives in smart cities [1], medical research community, specif-
ically in drug design [2] and civil engineering sector, particularly in operational management of
hydropower dams [3]. In the context of MOO, there are various concepts and issues associated
with it. We shall confine ourselves solely to related concepts and avoid any unnecessary over-
complication. Furthermore, we shall assume that the Multi-objective Optimisation Problems
(MOP) given herein is already mathematically well-defined.

In search of solutions of MOP, one may realise that, in most cases, no superior solutions exist,
i.e. those can beat other candidates with respect to all objectives being considered. Instead,
there are a set of solutions, they may be better than some in certain aspects while being worse
in the remainders. A set of such solutions (comprising of decision variables) is known as the
Pareto optimal set, or shortly Pareto set, which has been extensively studied [4, 5, 6]. Due to
the prevalence and practical impacts of MOO, hundreds of methods have been proposed to seek
the Pareto optimal set more accurately and efficiently. A standard method is scalarisation [7],
adversely influenced by chosen weight vectors [4]. Different scalarisation methods were devel-
oped to overcome this issue, e.g. adaptive scalarisation method [8], Chebyshev method [4], and
Normal Boundary Intersection (NBI) [9]. Nonetheless, it suffers from a critical disadvantage,
without further assumptions, e.g. convexity, solution in scalarised problem may not correspond
to any Pareto optimal solutions in the original problem [7, 10]. Modern family of algorithms
is metaheuristics, e.g. Evolutionary—based techniques [11], Decomposition—based Evolutionary
algorithm [12] and Multi-objective Ant Colony Optimisation [13]. Another recently emergent
approach is known as Active Learning (AL)-based MOO, which can be used to accelerate the
evolutionary-based MOO algorithms [14]. Also, it is adopted as more informed sampling tech-
niques, rather than exhaustive search for the Pareto optimal set, e.g. Pareto(—guided) Active
Learning (PAL) [10] and e-PAL [15]. Another powerful yet confused with PAL is Bayesian
Optimisation (BO), useful when when neither closed-form, well-behaved objectives are available
nor function evaluations are inexpensive [16].

Our contributions in this thesis are:
o A proposed algorithm, Choquet Adaptive Scalarisation (CAS).

e An empirical benchmark of CAS against other MOP solvers and a linear version of our
framework.

We structure the remainder of the thesis as follows. In Sect. 2, we review seemingly related
work in MOO, recent developments, and highlight differences between their and our method.
Sect. 3 presents important concepts in MOO and a brief introduction to Choquet integral.
Sect. 4 proposes our algorithm and shows a theoretical analysis of the method. In Sect. 5, we
conduct an empirical experiment to benchmark our proposed technique. Eventually, we close
the thesis in Sect. 6 by delivering our insights and possible future works. Readers may refer
to Appendix for notations used and related topics.



2 Related works

In this section, we summarise findings in certain papers that are seemingly related to this thesis
and emphasise the differences between our method and theirs.

Active Learning, also known as query learning and optimal experimental design, is a research area
in Artificial Intelligence (AI) community. The governing idea is that, active learners intelligently
select and learn from data that are deemed as representative and informative, while maintaining
a comparative performance with those learnt from a more extensive volume of data [17]. It
has been widely applied to various tasks in Al community, e.g. classification tasks [18], speech
recognition tasks [19] and Computer Vision [20]. Therefore, it aims to approximate the true
unknown function on the whole domain. Meanwhile, Bayesian Optimisation is a subset of AL,
as illustrated in [21], whose aim is to seek an optimal solution of the objective function. They
are essentially useful when the objective functions are computationally prohibitive to evaluate,
and both of them rely on the core idea of adaptive sampling. Due to the practical assumption
regarding objective functions in AL paradigm, its framework is widely adopted to solve MOO
problems. In either paradigm, scalarisation of multi-objectives are optional, which differ from
our proposed method herein, though still share similarity, e.g. adaptive sampling strategy.
Additionally, these methods choose new sample based on the construction of acquisition function
and surrogate models to mitigate the issues of expensive function evaluations. e.g. ParEGO
[22]. However, in our work, we do not rely on surrogate models and acquisition function to
collect samples but leverage the iterates found during the optimisation of sub single—objective
problems (sub—SOPs) to learn new weight vector.

Scalarisation converts a MOO problem into, usually nonlinear, single—objective program and
utilise a wealth of nonlinear programming (NLP) methods available [4] to solve. Classical
scalarising functions are weighted sum (WS) [7], the weighted—metric (Chebyshev) method and
e—constraint method [23]. A critical limitation of scalarisation method, is the solution attained in
scalarised problem may not correspond to the Pareto optimal solutions in the original problem,
e.g. when the Pareto front is non—convex [4, 9]. Besides, some disadvantages resemble prevalent
issues in regression analysis. One issue is multicollinearity [24], meaning that some objectives
may be a functional representation of one or many other objectives presented in the problem,
and thus adversely influence our weight learning process. Another obstacle is difference in units
of objectives, e.g. some objectives can be excessively large, says over 1000, whereas some are
bounded between 0 and 1. Directly learning may amount to bias towards objectives with higher
units, and thus, normalisation methods in evolutionary algorithms for MOO were studied in
[25, 26].

Therefore, adaptive scalarisation was devised to overcome some issues above. The adaptive
weighted—sum method [27] refines weights only in regions that remain sparsely sampled and im-
poses additional inequality constraints so that non—convex regions become attainable. The same
principle recurs in decomposition—based evolutionary algorithms as weight—vector adaptation to-
wards under-represented regions of irregular PFs [28, 29, 12]. Our method adopts the adaptive
sampling strategy, i.e. updating weight vector according to the current explored approximate
PF, but differ in data collection methodology to update weight vector.

Decomposition—based refer to a class of methods partitioning the objective space into different
regions to explore, again, by use of adaptive scalarisation methods. It decomposes Pyiop into a
sequence of sub-SOPs and optimises a subset of sub-SOPs concurrently in a collaborative way
[30, 29, 28, 12]. We do agree with them in terms of decomposing into a series of sub-SOPs and
adaptive scalarisation, but instead of partitioning of the objective space, we iteratively learn
from the current approximate PF in the objective space.

Multi-objective Optimistic Search (MOOS), a subset of Multi—objective Design Space Exploration



framework [31]. A notable work that is closely related to our algorithmic design is given in [32].
We share a quite similar idea of local search for approximate PF, but significantly diverge from
the choice of scalarisation function, termination criteria and hierarchical partition of decision
space while seeking approximate PS/PF.

Therefore, our method adopts partially the design of above—mentioned frameworks and adopts
the discrete Choquet integral [33] as a scalarisation function. We believe Choquet integral
capable of approximating non—convex PF as it assigns weights to a subset of objectives via the use
of a fuzzy measure [33], which employs nonlinearity. It has been employed as a decision maker’s
preference model to rank candidates in interactive evolutionary MOO [34] and for multicriteria
decision—making purposes [35, 36]. However, to the best of our knowledge, not yet been leveraged
in an adaptive scalarisation paradigm. This is the gap the present thesis addresses.



3 Preliminaries

3.1 Multi—objective Optimisation
Throughout this report, we aim to solve the MOP defined as below.
Definition 3.1 (Multi-objective Optimisation Problem (MOP) [4]).

A .
Pyiop = min f(x) (1)
where x = {xl e Xp }, X C R" is a compact set and f : R — RF given by f(x) =
[ fi(x) - £i(x) | with £ : R" 5 R.

Due to the definition of f, MOP can be interchangeably referred to as a vector optimisation
problem. Also, some literatures use many—objective optimisation to emphasise the presence of
more than three objectives [2, 26, 37]. For sake of generality, we shall consider Pyjop a nonlinear
optimisation problem, unless stated otherwise. In addition, we call X’ a feasible decision/design
region/space, and x € X are decision vectors. Likewise, the following set:

FA{f(x)|xeXx}CR" (2)
is called a feasible objective region/space, and any z € F is an objective vector.

In most real-world scenarios, Pyiop is ill-posed [38], i.e. increments in some f; result in decre-
ments in other f;. Therefore, in MOO, we mostly refer to Pareto optimality. Similar to the
single-objective optimisation problem (SOP), there exists global and local solutions. Denote
Bs(x) 2 {y € X | |[x —y| < 6} as an (open) neighbourhood of x € X. Let us discuss some
relevant notions.

Definition 3.2 (Strong Pareto-dominance [37, 39]). Given x,y € X. Then, x strongly Pareto
dominates y, or x <y, iff Vi € {1,...,k} : fi(x) < fi(y) and Jj € {1,... Kk} : f5(x) < £(y).

Definition 3.3 ((Strong) e-Pareto-dominance [15]). Given x,y € X. Then, x e-Pareto domi-
nates y, or x <.y, iff Vi € {1,...,k} : f;(x) < fi(y) — €;, for € € R,

Definition 3.4 (Weak Pareto-dominance [4]). Given x,y € X. Then, x weakly Pareto domi-
nates y, or x <y, iff Vi € {1,... k}: fi(x) < fi(y).

For sake of implementation, we can alternatively distinguish weakly and strongly Pareto domi-
nance, given x € X', it is NOT:

o Strongly Pareto optimal: Jy € X' : fi(y) < fi(x),Vi € {1,...,k}
o Strongly e-Pareto optimal: Jy € X : f;(y) — €; < f;(x),Vi € {1,...,k}
o Weakly Pareto optimal: Jy € X : fi(y) < fi(x),Vi € {1,...,k}.
Definition 3.5 (Pareto—optimal solution and Pareto Set [4]). A decision vector x* € X is called:
« Globally Pareto-optimal solution: fx € X : f(x) < f(x*).
o Locally Pareto-optimal solution: 3§ > 0, Bx € Bs(x*) : f(x) < f(x*).

In general setting, there does not exist a single x*, but rather a set of incommensurable solutions
x € X. The collection of such solutions are called Pareto Set (PS), denoted by X* C X. We
further note here, the locally Pareto—optimal solution refer to the neighbourhood around itself,
not taking into account all solutions to define the neighbourhood.
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Definition 3.6 (Pareto front(ier) [4]). Consider the Pareto set X*. The corresponding set of
objective vectors:

F*Ef(x)|xeX*}CF (3)
is called the Pareto Front (PF), and each z € F* is known as a Pareto frontier.

Likewise, we cannot guarantee the solution found by any existing MOO algorithms is globally
Pareto optimal, unless special properties are given, e.g. convexity. Hence, for brevity, we refer
to local Pareto—optimality as Pareto—optimality throughout this report.

Definition 3.7 (Ideal (objective) vector [39, 4]). An ideal objective vector z!P is defined as:
ZID:{leD Z}fD} (4)
ID — -
where z; xlen;*{f,(x)}.

The ideal objective vector is, as its name implies, the most optimistic result that we want to
attain; however, usually not attainable in practices due to conflicts between the objectives. The
opposing concept is the nadir objective, which we want to avoid, is defined as follows.

Definition 3.8 (Nadir (objective) vector [39, 4]). A nadir objective vector zNP is defined as:
zNP = [ 3D .. z}jD } (5)

where zNP = sup {fi(x)}.

XEX*
Generally speaking, z'® ¢ F* and z"P ¢ F*. Unlike ideal objective vector, which is easier to
find, simply by seeking minimiser of f component—wise on X, which automatically arrives at
x € X. Finding maximiser of f component—wise on X may result in x ¢ X, which contradicts
our definition, hence harder. In practices, to avoid computing z'° and zNP
objective vectors found so far during the algorithm.

, one can use reference

Definition 3.9 (Reference ideal and nadir objective vector). Consider all solutions found by

4 » K A
the i*h algorithm A® as Agﬁ) = {f k}kil after few iterations. Let A% = U,-AS;) be the set of all
solutions of all algorithms being considered. Then:

1D ID

~ — ND
4 N Zyet =

inf z and 2P ~ 2D = sup z (6)
zEASZ z€AY

Nonetheless, these approximations are not good in early iterations of A [37], and may deteriorate
performance of certain classes of algorithms solving MOP that rely on the knowledge of z!° and
z"P. Therefore, better yet advanced techniques are discussed in [40].

Similar to SOP, there are optimality conditions for MOP, which are known as the Pareto opti-
mality conditions. Details of KK'T necessary and sufficient conditions for Pareto Optimality, and
related concepts can be found in [4]. Due to the local optimality, almost all methods proposing
different approaches to find approzimate/putative PF and approximate PS, denoted as F* and
X *, respectively. On the other hand, true PF and true PS are denoted as F* and X*, respec-
tively. When Pyiop is well-behaved, e.g. convex, F* = F and X=X supposing local PF and
PS can be found.

3.2 Scalarisation method

In short, the idea governing this method is, there are no unique gradient directions in MOP,
since the objectives possibly conflict, and heading towards the gradient of some objectives may
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result in the opposite gradient direction of others, and vice versa. Thus, it aims to transform the
vector—valued objective into a scalar—valued objective and immediately attain the corresponding
gradient direction, which may offer insightful guide to seek Pareto—optimal solutions. Regardless
of whichever scalarisation functions or weight updating schemes are used, the ultimate goal of
this method is to solve the following problem.

Definition 3.10 (Scalarisation method). To determine the solutions to Def. 3.1, scalarisation
method alternatively obtains solutions by solving the following problem.

xmgi}(l s(f) (7)

where s: RF — R and f : X — R*.

Next, we shall review some scalarising functions used in this class of method. The simplest and
most popular family of scalarising function is the weighted L, scalarising method.

Definition 3.11 (Weighted L, scalarising/scalarisation function [37]). Given the MOP as de-
fined in Def. 3.1. Its multi—objective vector can be scalarised by:

—_

k » D
swpl(f) = <§ ‘wi |6 —zID‘ ) (8)
=1

where w € R';O 1>, w; = 1 is a weighting vector.

Therefore, by varying p, we obtain different scalarisation functions, and two most commonly
used are Weighted Sum (WS) method and Chebyshev method.

Definition 3.12 (WS and Chebyshev methods [37]). The two methods are given by:
o WS method (p =1):

sw(f) = ‘WT (f - ZID>‘ 9)

o Chebyshev method (p = 00):

} (10)

Remarkably, this method aims to close the gap between the current Pareto front and the ideal
point, and thereby, signs of f are not our concerns. By altering w, one can obtain a better or
worse F*, or differently, w can be adaptively updated from F* found so far.

Another scalarising function is also used in the context of MOO is Penalty—based scalarisation
function (PBI).

Definition 3.13 (Penalty—based scalarisation/scalarising function [41]). Given the MOP as
defined in Def. 3.1. Its multi-objective vector can be scalarised by:

sPP(F) = dy + Ody (11)

Let [|-]| be the Euclidean norm, then:




3.3 Choquet capacities and integral

We briefly discuss relevant notions to Choquet capacities and integral, an extensive research
area in Fuzzy Measure theory. We confine ourselves to working with discrete sets, since the
number of objectives in Def. 3.1 is a positive integer. Nonetheless, the upcoming concepts
can be generalised to infinite sets and/or continuous spaces, see [42, 43, 44]. To support the
understanding of algorithms proposed later, we shall refer to the set below as the set of objectives
in our MOPs, as defined in Def. 3.1. Therefore, the concepts introduced below, are not as
general as found in their corresponding references.

Let K £ {1,---,k} be the set of indices of the objectives, R>o = [0, +00). We shall define the
following definitions. We shall pay more attention to the power set 2%, as Choquet capacities
study the interactions among the members within different group sizes.

Definition 3.14 (Power set [42]). A power set is defined as:

ok &£ (K| K C K} (12)

Definition 3.15 (A set function [42]). A set function is given by:

w28 s Reg (13)

Definition 3.16 (Game [45]). A game is a set function, Def. 3.15, such that:

p:28 s Rsg and p(@) =0 (14)

Definition 3.17 (Premeasure [45]). A premeasure is a game, Def. 3.16, such that:

AC B = p(A) < u(B) (15)

Definition 3.18 (Choquet Capacity [45]). The Choquet Capacity is a premeasure, by Def.
3.17. The Choquet capacity is given by:

w28 s Reg (16)
where u(0) =0 and A C BC K = p(A) < u(B).

An intuitive way to interpret Def. 3.18 is that, Choquet capacity represents the interactions
between all possible combination of objectives in f. Importantly, due to non—additivity, i.e.
p(AUB) # u(A) + u(B), it possesses rich expressiveness, and thus, appropriately reflects the
real-world interactions.

One may realise, every time we derive a new concept, we further impose more restrictions on
the prior concept. We devote the following diagram as a summary for the above-mentioned
concepts.
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Set Functions (@) =0
A 2’C — Rzo

Y

Games

ACB

n(A) < u(B)

Y

Fuzzy u(K) =1 Choquet
Measures Capacities

A

Figure 1: Simplified diagram, redrawn from [45].

Within our context, we can further impose p(K) = 1 on Choquet capacity, and refer to it,
interchangeably, as a fuzzy measure. Next, we shall introduce one of the powerful tools to work
with Choquet capacity.

Definition 3.19 (Non-decreasing permutation [45]). Let f » be a non-decreasing permutation
of f, meaning its components are rearranged, such that:

fo) < foy < < ) < i) (17)

Definition 3.20 (Discrete Choquet integral [45]). Given a Choquet capacity u : 2% +— Rxq.
We define the Choquet integral over K w.r.t p by:

k
Cu(f ) = ;fu‘) < o ({15 = £0}) = v ({i 1 ) > faan })| (18)
where k = |f| and f » = { foy - fw } is the non—decreasing permutation of f, and conven-

tionally, f(511) = oc.

One may realise, the Choquet integral generalises the Lebesgue integral for non—additive mea-
sures [33] where each horizontal cut represents the interaction among the members, since pu(-) is
a Choquet capacity. Let us rewrite the Def. 3.20 in shorter forms.

Remark 3.21 (Alternative representations of Choquet integral [45]). Let H; = {(i),---, (k)} is
a subset of K representing the & — i 4+ 1 largest components of f. Then, we have:

k
Culf ) =3 [fi) = famny| - 1 (M) (19)

=1

where, by convention, f) = 0. We further denote g4(f) = max {0, mijl f; — Hllca\},(ét fi} where
i€ i€

A C K. We then obtain:

Cu(f) = > ga(f) - u(A) (20)
ACK
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Proof. Let us explicitly show the derivations, due to their absence in the reference. It is useful

to think of the the non—decreasing permutation f » as following:

oo U

fi-y = fo = fu

Hence, we have an interesting relationship { Jl f;) > f(z'+1)}

£ ACB

~

é{ ’ ) = i)}, and

thus, u(B) — u(A) > 0. Let us establish some useful facts, knowing p(H;) = p ({ \ f) > f(i)}>:

p(He+1) = p ({J | ;) > f(k+1)}> = ({J | £5) >

and let f5) = 0 by convention. Hence, Vi € K : £;) = f(;) £ o) =
o (18) =(19)

k
Culf ) =3 _f) e ({3 1£5) > £ }) = 1 ({3 1 £0) = fugn )|

="y % [ (i) — p(Hisn)]

= f(1) s (Ha) + £y - (H2) + -+ fp—r) - o (Hg—1

—fy - (H2) + oy - (Ha) + -+ f) - 0 (Hie) + £y -

. (19) = (20)

Consider g(f), VA C K, there are two possible cases:

1. e K: A=H; = minf; > max f; = g4(f) = minf; —

jEA JEK\A jeA
2. Vie K:A#H; = minf; < f; = ga(f) = 0.
i % minf; < max f; ga(f)

15

p(Het1)
—_———

oo}) =un(0)=0

(M)

=0

(M) — £y - 1 (sz)}

max f = f( ) f(ifl) Z 0.

JEK\A



Therefore, we can decompose the summation in (20) into two summands:

Cu(f) = > ga(f) - u(A)

ACK
= 3 galf) u(A+ D galf) u(A)
A=H: A#H;
= [f(z’) _f(i—l)} SAGHEN
A=H;

I

s
Il
—

[f(z) - f(ifl)} (M)

Because we can only find exactly k& subsets H; C K. We complete the proof.

O]

In practices, the Choquet capacities are not given directly, but rather estimated empirically
from the data. Therefore, to facilitate computations and interpret the Choquet capacities from
different aspect, we shall define the following notions.

Definition 3.22 (Mobius and Zeta transforms [45]). Let p : 2° +— R>g. The Mobius transfor-
mation of u, for A C K, is:

M(A) = > (-1)"Vlu(B) (21)
BCA

The Zeta transform, or the inverse Mébius transform is given by:

w(A) = Y M(B) (22)

BCA

Note that, u(A) > 0= > M(B) >0, M) =0and p(K) =1= Y M(B)=1. There are
BCA BCK
a broad range of alternative representations of u, see [45].

To further reduce the computational costs, one can relax how much the interactions among
the members are modelled, and thereby, obtaining a sparse representation of capacities. One
of the methods is to relaxing the non—additivity property. Generally, the capacities must be
non—additive, so that the interactions across all subsets of members are taken into account.
However, for computability, we shall consider up to | 4| < k, A C K, where p(.A) is non—additive,
and refer to it as k—additive capacity.

Definition 3.23 (x-additive capacity [45]). A capacity u : 28 — Rsq is s-additive, for 1 <
k< |K|if for ACK: M(A) =0 for |A| > k and AB C K, |B| =k : M(B) # 0.

In our method, we use k = 2, though one can freely adjust this hyperparameter for their need.
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4 Choquet Adaptive Scalarisation (CAS)

4.1 Motivation

Before going into technical details, we would like to state reasons motivating this work. Note
that, these are our expectations at the beginning of this work, and thus, it may not truly reflect
the actual outcomes presented later in Sec. 5.

First, recent algorithms in adaptive scalarisation methods rely on solving several scalarised
optimisation subproblems, and use the corresponding locally optimal solution to learn weights
[27, 8, 28, 29, 30], and undoubtedly exhaust the computing budget. We do differently, each
time, we solve one single scalarised optimisation subproblem, and retain all iterates, found by
the nonlinear SOP solver, as training data to learn new weight. Indeed, each time, we also
discard dominated solutions, and thus, attain a better Pareto front approximation. Doing this,
we believe, after each iteration, we may discover different regions of the objective space, without
the use of metaheuristics [11, 13], which are computationally expensive [22].

Second, linear scalarisation method cannot approximate non—convex PFs [4, 7, 9, 37], which are
very common in real-world scenarios. Additionally, the presence of irregular and discontinuous
PFs poses several challenges to scalarisation—based decomposition methods, including those built
upon the Chebyshev function [12, 30]. Therefore, our application of Choquet integral aids in
better approximation of non—convex and disconnected PFs, due to its nonlinearity [33], and may
support the exploration capability in the adaptive scalarisation framework. Moreover, due to
our implementation, the proposed algorithm can overcome the PS coverage difficulties at an
expense of directly working on the decision space.

Third, ease of implementation. Adaptive scalarisation method is fairly easier than other classes
of techniques, to implement, e.g. metaheuristics algorithms [11, 13] and PAL family [10, 15, 38].

4.2 Algorithm
Let us introduce a useful operator prior to our formalisation of the algorithm.

Definition 4.1 (Hadamard (element—wise) product). Given two vectors x,y € R™. The
Hadamard product is defined as:

X1 Y1 X1 XYy1
XOy=| : |O| | = : (23)

Xn Yn Xn X ¥Yn

The core of our algorithm is the following scalarisation function.

Definition 4.2 (CAS scalarising/scalarisation function). Given a Choquet capacity p and a
scaling vector a, our scalarising function, s, 4 : R* — R, is given by:

spaf) = —k-C,(u(f)@a), uf)=2"P—-f  fcF (24)

where k is the number of objectives, zNP is the nadir of the current F*, w is empirically estimated

from F *, a is found by solving another NLP problem and C, is defined in Def. 3.20. The
utility u turns the minimised objectives into quantities to be maximised, so that minimising s,, a
maximises the Choquet integral.

The objectives in our MOP may differ in magnitude/scales, and thus, a is a scaling vector,
directly learnt from the current F*. Likewise, the Choquet capacity wu(-) is empirically esti-
mated from the current F * by certain methods introduced in [45]. Let us formally propose the
optimisation problem to find u, a below.
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Remarkably, in our method, we use the Mobius representation of the Choquet capacity p, i.e.
M(p), and hence directly compute C,,(-). Nonetheless, for brevity, we still use p, and we also
support, though not reported herein, estimation of u and M(u), transformation between two
representations and computation of Choquet integral using both. Within the scope of this
report, we shall empirically estimate M (u) where p is a 2—additive capacity and utilise it to
scalarise multi-objectives via Choquet integral on M (pu).

Definition 4.3 (In search of u and a [45]).

min 37 [1—k-Cp(u(f) © a)]®
ackt (25)

A

sit. w<+ LP(F*;p)

where p is the penalty parameter, by default p = % and LP(f" *:p) is modelled externally as a
linear program.

We use the Nelder-Mead in SciPy [46] to seek a, and linprog (HiGHS) in SciPy to seek pu.
Also, constraint p(K) = 1 is removed in LP(F*;p) to reduce the computational cost. As this is
beyond the scope of this project, we shall close the discussion here.

Definition 4.4 (CAS sub-SOP). CAS solves the following sub-SOP at the ' iteration:

min s, a0 (£(x)) (26)
where pu,a are found by solving problem defined in Def. 4.3.
Every (x,f(x)) is retained, and later filtered to obtain X* and F* at the ¢ iteration.

As reviewed earlier in Sec. 2, two design choices distinguish Alg. 1 from the adaptive scalari-
sation methods. First, exactly one sub—SOP is solved per iteration, rather than a series of them.
Second, the routine NLP returns every point & at which the nonlinear solver evaluates f before
termination, which constitute the training data from which the next capacity is learnt. We offer
the following diagram to demonstrate our algorithm workflow, i.e. Alg. 1.

Enitialise: x(0 ~ Z/{(XD

Y

& A F Solve problem in Def. 4.3
Archive <X*, f*) ® 0
(@, pt)
A
t+—t+1 5,8 a(t) = —k - C“m (u(f) ® a(t))
Y
FILTER(-) ‘ ‘ NLP on the sub-SOP
discard dominated “

every iterate & ‘ from x(*) ~ U(X)

lt_T
[ Retulrn/\;*7 a ]

Figure 2: The flowchart of Alg. 1.
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Algorithm 1 Choquet Adaptive Scalarisation (CAS)

Require: Pyop over the box X = [x'® x"P];
Ensure: Approximate Pareto set X'* and Pareto front F*

1 xO ~Y(x)

budget T'; tolerance 7; nonlinear solver NLP(+)

2: & < NLpP (wa(x), xO) &, T) > not yet fitted: w=1/k
3: (23*,.73*) +— FILTER (&)

4: fort=1,...,T do

5: Solve problem in Def. 4.3 for (a(t), ,u(t)>

6: x®) ~ UX) > random fresh start
7 &+ NLp (Su(t)7a(t) (f(x)), x®, X, 7, max_iter = 50) > all retained
8: (z’f*, .75*) + FILTER (]f* U Et) > discard dominated points
9: end for

10: return /’\?*, F

11: function FILTER(Z, kind = “strongly”)

12: P+ 0 > <, < component-wise; € = 107°
13: if kind = “strongly” then

14: for z € Z in lexicographic order do > Faster filtering for strongly Pareto optimal
15: if 1z € P:2 <zthen

16: P« PuU{z}

17: end if

18: end for

19: else if kind = “eps” then

20: P« {zc Z|P2z € FILTER (Z, “strongly”) : 2’ < z — €} > one copy per z
21: else if kind = “weakly” then

22: P+{zecZ|hdcZ\{z}):72 <z}

23: end if

24: return P and f~! (P) > £~1(P) is already stored, not the inverse of f

25: end function

26: function NLp(g, x(©, X, 7, max_iter)

27: E«—10

28: repeat

29: one L-BFGS-B step on ¢ from the current iterate, within X
30: until 7 is met or max_iter is reached

31: for all x at which the solver evaluates g do

32: E+— EU{(x, f(x))}

33: end for

34: return £

35: end function

>g=syacforwlf

> from x(©)

In FILTER(-), lexicographic order means sorting Z by the first objective, breaking ties by the
second, and so on. We further note here that, FILTER(-) filters the non-dominated solutions

found up to the current iteration.

We note here, that f~! implies the pre-image for P, and in fact, recorded at every iterate in
Alg. 1. In other words, it is not an inverse function of f, but a manipulation of notation.
For sake of benchmarking, we shall propose a baseline algorithm, by replacing the scalarisation
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function of Def. 4.2 by a linear combination wTf(x), where w is updated by the current F.

Algorithm 2 Baseline algorithm

Require: Pyop over the box X = [x!®,x"P]; budget T’; tolerance 7; nonlinear solver NLP(-)
Ensure: Approximate Pareto set X* and Pareto front F*

1 xO ~uUx)

2 w1 / k € RF

3: & < NLp (wa(x), xO0) x| 7') > uniform initial weights

4: (23*,]3*) + FILTER (&)

5: fort=1,...,7 do

6: W < argming > o H]—" w—1 > non-negative least squares

7: w — w/ ||w], if w # 0, else l/k: > arg ming wTf is scale-invariant

8: x®) ~ U(X) > random fresh start

9: & + NLpP (WTf(x), x®, X, 7, max_iter = 50) > all retained
10: (z’f*, .75*) < FILTER (]f* U St) > discard dominated points
11: end for

12: return /’\?*, F

For sake of understanding, we provide an informal conceptual illustration as follows.

>

4
[4
2+
6
<
w
3
1
1
ol

i)

ol » v we A o V=

wl omuergence
Continu bl omeeg

Figure 3: Sketch of the algorithm.
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5 Experiments

5.1 Test problems

For convenience, we confine ourselves to box—constrained problems, rather than more compli-
cated set of constraints. Nonetheless, it is viable to apply Penalty and Barrier methods or any
available constrained NLP solvers, as given in [47, 48, 49|, to handle the constrained cases.
Generally speaking, we solve the following minimisation problem:

B, (=[669 - £ ]
st xP<x<x"

We intentionally select test suites that the true PF can be found analytically, though this is
generally untrue. We adopt the test problems implemented in pymoo [50], specifically three
ZDT problems [51] and two DTLZ problems [52], all posed on the box X = [0, 1]".

Problem n k F* shape

ZDT1 [51] 20 2 convex

ZDT2 [51] 20 2 concave

ZDT3 [51] 20 2 non—convex, disconnected
DTLZ1 [52] 10 3 convex

DTLZ2 [52] 10 3 non-convex

Table 1: Test suite problems.
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Figure 4: True PFs of the test problems of Tab. 1.
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5.2 Performance metrics

In our experiment, we shall use four performance indicators, i.e. Hypervolume, number of
function evaluations, number of non—-dominated solutions found, and wall-clock time. More
thoroughly, for number of function evaluations, we shall record the number of iterations in
the NLP() until convergence, in Algo. 1, across all iterations 7. Likewise, the number of
non—dominated solutions is the size of the approximate PF, i.e. |]3 *|. Since different scalarising
strategy may produce either better or worse sub—-SOPs, and thus, impact the termination of the
solver used and the non—dominated solutions found. Although we leverage e—Pareto optimality
in Alg. 1, we refilter the strongly Pareto optimal (as in Def. 3.2) solutions using all solutions
found in the algorithm for comparison.

Regarding the wall-clock time (in seconds), we shall use the time.perf_counter() to esti-
mate the time taken to exhaust the predefined budget 7. Importantly, Hypervolume (HV) is
used to quantify the explorability capability of the proposed algorithms, or the diversity of the
non—dominated solutions. A more formal definition is presented as below.

Definition 5.1 (Hypervolume (HV) [53, 54]). Given F* & {f() ... f(™} c Ar be the
Pareto—optimal solutions found by an algorithm A and a reference nadir objective zi]f) defined
by Def. 3.9. The Hypervolume (HV) is computed by:

m

HV (F*, 7)) = p <U [f@,zii?}) (27)

i=1

where p(-) is the Lebesgue measure and [f(i),zND} £ {z e Ff) <7< zND} is the polytope

ref ref
enclosed by the non—-dominated solution and the reference nadir point.

We leverage the HV computation function provided by pymoo [50].

5.3 Experimental setup

We benchmark CAS (Alg. 1) against the baseline (Alg. 2), which differs in the scalarising
function and weight updating rules. Both are run on the test problems of Tab. 1, swept over
n and k as set out in Sec. 5.4, under an identical configuration, as below.

Component Setting Remark

Budget T' 50 outer iterations, i.e. number of sub-SOPs solved
Tolerance T 10-¢ termination tolerance passed to NLP(-)
FILTER(+) “strongly” strongly Pareto optimal of Def. 3.2

NLp(-) L-BFGS-B [46] box—constrained, gradient by finite differences
Capacity fit linprog (HiGHS) [46] inner problem of Def. 4.3

Outer search on a  Nelder-Mead [46] max. 100 iterations, Zato = 1073

Baseline weights w  NNLS [46] non-negative least squares on F*

Initial point xM ~ U (X) resampled at every iteration, both algorithms
Random state 42 reproducibility

Table 2: Experimental configuration, held fixed across all problems and both algorithms.

Reference point. The HV of Def. 5.1 requires a common ere]I? per problem. Hence, we

select the worst non—dominated objective point of the union of both algorithms’ fronts, so that
the two algorithms are measured against the same polytope.

Reporting. Every metric is reported using a single run, and thus, results may deviate subject
to computing resources and seed variance.
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Environment. The experiments were conducted on:

o Hardware: MacBook M3 Pro - Total Number of Cores: 11 (5 Performance and 6 Effi-
ciency) - Memory: 18 GB - System Firmware Version: 18000.120.36 - OS Loader Version:
18000.120.36

o Software: Python 3.11.14 using NumPy 2.3.5, SciPy 1.16.3, pandas 2.3.3, pymoo 0.6.2,
pyfmtools 5.3.9, Matplotlib 3.10.8, seaborn 0.13.2, Plotly 6.9.0, and Ipykernel 7.1.0

Wall—clock time is therefore comparable within, but not across, machines.

5.4 Results

All results are produced by pymoo_lab.ipynb. The experiments sweep n € {10,20} and k €
{2,3,4,5} for the DTLZ suite only, since the ZDT problems are bi—objective by default. Each
problem scenario is solved under the same configuration specified in Tab. 2. We note here
that, since z}r\g? is re-computed for every problem, the performance metrics are comparable only
row—wise.

Pareto front approximation. Let us visualise how close the algorithms (Alg. 1 and Alg. 2)
approximate F* in the final run. We also offer an interactive plot in pymoo_lab.ipynb for those
curious how each algorithm explores the objective space at each iteration. We shall structure
the plots below as following. The first and second row represents Baseline (Alg. 2) and CAS
(Alg. 1), respectively. The columns, from left to right, include (F* - all visible evaluations -
F*), (F* - F*) and (F* - F* - level set of the respective scalarising function).

The colours used may be confusing, we use gray and red to highlight 7 and F* in the first
column, respectively. Meanwhile, we use red and blue to highlight 7* and F* in the second and
third columns, respectively, owing to the presence of gray—coloured level curves.

ZDT1 - learning process ZDT1 - learning process

20T+ - otjectue space

Figure 5: Visualisations of performance on ZDT1 (n = 20, k = 2, max_iter = 50).
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Figure 11: Visualisations of performance on DTLZ2 (n = 20,k = 3, max_iter = 50).

Approximate fronts.
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From Fig. 5, 9, 8, CAS covers the convex and linear Pareto fronts less
evenly than Baseline, which reconstructs them almost fully. Noticeably, looking at the scale of
the axes, both algorithms fail to reach close to the analytical 7* on DTLZ1. Interestingly, CAS
outperforms baseline where the PF is non—convex and/or disconnected, evidently by covering



more of F* in Fig. 7, 10, 11, but not on ZDT2 (Fig. 6). This supports our motivation earlier,
i.e. non-linearity of Choquet integral attribute to generalising well to non—convex PF.

More thoroughly, on ZDT1 both algorithms trace the whole front. On ZDT2, whose front is
non—convex, CAS keeps only 2 points near (0, 1), whereas the baseline keeps 4, three near (0, 1)
and the last one at the end point (1,0). This agrees with the known weakness of the weighted
sum, whose minimisers on a non—convex front lie at its extremes [4, 9]. On the disconnected
ZDT3, of the five segments, the baseline populates only the first three, while CAS also reaches
the fourth and fifth.

On DTLZ1, as said earlier, neither algorithm converges within the budget, i.e. the objectives
of the archived points sum to about 100-115, while the true front is the simplex ), f; = 0.5.
The HV gap on DTLZ1 therefore reflects how widely the unconverged points spread, not how
close they are to the PF. Interestingly, bi—objective DTLZ1 and tri—objective DTLZ1 influence
how CAS approximate the corresponding PF, see Fig. 8 and Fig. 9. On DTLZ2, the baseline
produce fewer points lying on the surface of F* than CAS, which may be due to non—linearity
of scalarising function and its exploitation capability.

Table 3: Hypervolume and size of the approximate PF, the larger the better; gap is the relative
difference. Bold marks the better of the two algorithms.

HV Archive size |F*|
Problem n k Baseline CAS gap (%) Baseline CAS
ZDT1 10 2 5.5010 5.4947 0.115 778 794
7ZDT1 20 2 5.2592 5.2540 0.098 684 816
7ZDT2 10 2 6.2827 6.4017 1.860 30 140
ZDT2 20 2 5.5558 5.5558 0.000 4 2
7ZDT3 10 2 7.0562 6.9512 1.488 390 37
ZDT3 20 2 5.4436 5.6118 2.998 483 664
DTLZ1 10 2 2917 x 10° 2.954 x 10° 1.232 130 171
DTLZ1 10 3 9.421 x 107 9.578 x 107 1.638 180 1037
DTLZ1 10 4  8.438 x 10° 8.581 x 10° 1.664 288 530
DTLZ1 10 5 4.124 x 101 4.200 x 101! 1.803 346 427
DTLZ1 20 2 1.440 x 108 1.444 x 10° 0.300 108 335
DTLZ1 20 3 9.913 x 108 9.984 x 108 0.719 156 2273
DTLZ1 20 4 2.966 x 101 2.991 x 10! 0.859 224 2608
DTLZ1 20 5 6.975x 103  6.981 x 1013 0.087 837 585
DTLZ2 10 2 9.718 9.759 0.415 16 222
DTLZ2 10 3 11.572 11.546 0.225 73 44
DTLZ2 10 4 39.394 39.533 0.352 233 546
DTLZ2 10 5 9.041 9.184 1.557 344 2237
DTLZ2 20 2 30.730 30.739 0.030 32 208
DTLZ2 20 3 73.473 73.434 0.054 73 109
DTLZ2 20 4 693.408 691.450 0.282 179 81
DTLZ2 20 5 224.205 223.407 0.356 228 190

Quality of the approximate PF. CAS attains the larger HV in 14/22 configurations (Tab.
3), though the marginal difference is insignificant, below 3%. CAS leads on all eight DTLZ1
configurations (0.09%-1.8%), on ZDT3 at n = 20 (2.998%), on ZDT2 at n = 10 (1.9%), and
on 4/8 DTLZ2 configurations (0.03%-1.6%). The baseline leads on ZDT1 at both n (0.1% and
0.1%), on ZDT3 at n = 10 (1.5%) and on DTLZ2 with n = 10, k = 3 and n = 20, k € {3,4,5}
(0.05%-0.4%), while ZDT2 at n = 20 is a tie.

Noticeably, on ZDT2 with n = 20 both archives | F *| shrink substantially. CAS keeps the larger
|F*| in 16/22 configurations. Remarkably, larger |F*| does not imply larger HV; for instance,
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on ZDT1 at n = 20, CAS keeps more points yet the baseline covers more volume.

Table 4: Function evaluations and wall-clock time. The lower the better.

Function evaluations

Wall—clock time (s)

Problem n k Baseline CAS Baseline CAS
ZDT1 10 2 5489 12309 1.85 51.63
ZDT1 20 2 10752 19425 3.61 52.35
7ZDT2 10 2 1771 1881 0.67 9.04
7ZDT2 20 2 4284 2205 1.68 27.72
ZDT3 10 2 8184 1914 3.21 9.72
ZDT3 20 2 18879 23688 15.08 84.69
DTLZ1 10 2 5016 5346 2.52 11.75
DTLZ1 10 3 4840 8602 1.33 119.04
DTLZ1 10 4 5115 5159 1.66 44.86
DTLZ1 10 5 5049 8096 1.84 178.50
DTLZ1 20 2 9597 15708 2.50 32.81
DTLZ1 20 3 9534 32592 2.86 546.31
DTLZ1 20 4 9555 33726 3.55 1219.92
DTLZ1 20 5 9849 10374 5.56 160.85
DTLZ2 10 2 2398 5368 0.55 6.17
DTLZ2 10 3 2563 2640 1.03 7.77
DTLZ2 10 4 2673 5401 0.89 69.27
DTLZ2 10 5 2926 9141 1.11 726.48
DTLZ2 20 2 4683 9219 0.85 9.88
DTLZ2 20 3 4452 6405 0.84 5.89
DTLZ2 20 4 4578 5103 1.10 11.57
DTLZ2 20 5 4347 5544 1.05 30.90

Cost. On function evaluations, CAS uses more evaluations in 20/22 configurations, evidently
~0.2-3.5x that of the baseline. In one of the seven configurations won by the baseline (ZDT3
with n = 10), CAS spent fewer evaluations, signalling earlier termination of its sub-SOPs.

On wall—clock time, CAS is more computationally expensive, evidently ~3.0-657x longer than
the baseline. Most of this time goes into the problem of Def. 4.3: every Nelder-Mead step on
a refits p on the whole archive, so the cost grows with |]-i *| and with the capacity coefficients.
Accordingly, the slowest run is DTLZ1 with n = 20,k = 4, which also keeps the largest \.7-: *|
(2608 points, 1219.92s), whereas the fastest is on DTLZ2 with n = 20,k = 3 (109 points,

5.895).
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6 Conclusion and discussion

Conclusion. In this paper, we introduced a novel algorithm, namely Choquet Adaptive Scalar-
isation (CAS), aiming to cover solutions spanning across irregular Pareto front shape, specifically
succeeding to cover disconnected and non—convex presented in certain benchmarking test prob-
lems with different settings. We also benchmarked CAS against a linear version of the framework,
and observed improvements in terms of Pareto front shape approximation and Hypervolume, at
an expense of wall-clock time and number of function evaluations. In addition, we acknowledge
the lack of theoretical analysis on convergence. Therefore, in future work, we shall seek an
in—depth convergence analysis, and more importantly, extend the current algorithm to reduce
computational costs while maintaining, or ideally enhance, its performance.

Limitations. The most critical and apparent of CAS is the computational overheads, evidently
in Tab. 4 and Tab. 3, CAS win at tiny marginal HV gaps (< 3%), while it pays more on
function evaluations (~0.2-3.5x) and wall-clock time (~3.0-657x).

Future work. We shall outline potential aspects of improvement as follows.

On the convergence analysis, as side experiments not presented herein, we plotted the change of
models’ weights after each iteration, but did not recognise any interesting patterns. Nonetheless,
in the future work, we shall refer to other performance metrics, e.g. Hypervolume, to study the
behaviours our CAS, which we hypothesise they may offer more insights.

Another fascinating aspect to discover is model’s interpretability. Stemming from the inter-
pretability of Choquet capacity [45], we hypothesise this inherent capability can be utilised to
study the interactions among the objectives. Consequently, this may open more viewpoints to
consider for algorithm extensions and MOP understanding.

In the algorithm, we implemented Nelder-Mead [46], which does not impose a > 0, while Cho-
quet integral requires non—negative capacity [45], and thereby it may influence the performance
of our CAS. In the upcoming work, we shall inspect the impact of this solver and may replace
with a constrained nonlinear solver, e.g. L-BFGS-B and SLSQP [46].

Empirically, from ablation studies, which are excluded herein, we observe that, alternating
between Def. 3.2, 3.4 and Def. 3.3 with different choices of € results in different computational
and approximation performance of the models. We note here that, at the final evaluation stage,
we consider strongly Pareto—optimal solutions. However, during the runs, different choices may
influence the final evaluation outcomes. Hence, ablation studies are essential to understand its
impact on the algorithm.

Exploration and exploitation is inherently implemented in our CAS. Again, by side experiments
which are not shown herein, we found that, by tuning different termination criteria, mostly
max_iter and tolerance 7, CAS can either explore or exploit from what it has learnt empiri-
cally, which also affect its computational complexity. Hence, we conjecture there is nice balance
between exploration—exploitation trade—offs by alternating termination criteria. This requires
more exploratory work to discover either prove or disprove our hypothesis proposed herein.
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Appendix

A Notations and Terminology

Acronyms
Acronyms Meaning
Al Artificial Intelligence
AL Active Learning
BO Bayesian Optimisation
CAS Choquet Adaptive Scalarisation (our method, Alg. 1)
DTLZ Deb-Thiele-Laumanns—Zitzler test suite
HV Hypervolume
KKT Karush-Kuhn—Tucker (conditions)
L-BFGS-B  Limited-memory Broyden—Fletcher—Goldfarb—Shanno, with Bounds
Ib, ub lowerbound, upperbound
MOO Multi-Objective Optimisation
MOOS Multi—Objective Optimistic Search
MOP Multi-Objective (Optimisation) Problem
NBI Normal Boundary Intersection
NLP Non-Linear Programs
NNLS Non—Negative Least Squares
PAL Pareto Active Learning
PBI Penalty—based Boundary Intersection
PF Pareto Front
PS Pareto Set
SOP Single-Objective (Optimisation) Problem; sub-SOP: the scalarised SOP solved
at each iteration
WS Weighted Sum
ZDT Zitzler—-Deb—Thiele test suite
Notation
Symbol Meaning
General
R, R>g real and non—negative real numbers, R>q £ [0, +00)
= defined as
inf - sup  infimum - supremum
©) Hadamard (element-wise) product
Ux) uniform distribution over X
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Symbol

Meaning

Bs(x)

open neighbourhood of radius § around x

Multi—objective optimisation

Pyiop
n, k

N

N

ID _ND
ref> Zref

AD | AD
Az
s(-)

Sw,ps P

V/

the MOP of Def. 3.1

dimension of the decision space, number of objectives

index set of the objectives, K = {1,...,k}

vector of single-objective functions, f : R* — RF

feasible decision region/space

(feasible) decision vector

lower and upper bounds of the box X

feasible objective region/space

(feasible) objective vector

true, approximate Pareto set

true, approximate Pareto front

strong Pareto dominance, Def. 3.2

weak Pareto dominance, Def. 3.4

e—Pareto dominance with tolerance vector € € R¥, Def. 3.3

ideal objective vector

nadir objective vector

reference ideal, nadir objective vector, estimated from the solutions found
the ith MOO algorithm, the objective vectors it has found

the objective vectors found by all algorithms considered, Def. 3.9
generic scalarising function, Def. 3.10

weighted L, scalarising function and the order of its norm, Def. 3.11; p =1
gives WS, p = oo Chebyshev

Choquet capacities and integral

2IC

A, B

7

Ch

£ 1)
Hi
ga(f)
M

power set of the objective indices

subsets of K, i.e. elements of 2%, at which u is evaluated
Choquet capacity (fuzzy measure)

discrete Choquet integral w.r.t. u, Def. 3.20
non—decreasing permutation of f, its ith component
index set of the k — ¢ + 1 largest components of f

the coefficient ;1(A) carries in C(f), Remark 3.21
Mobius transform of pu, Def. 3.22
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Symbol

Meaning

K order of additivity of p; x = 2 herein, Def. 3.23

Algorithms

Spal-) CAS scalarising function, Def. 4.2

a per—objective scaling vector

LP(:),p  the linear program fitting u and its penalty parameter, p = 1/k by default, Def.
4.3

u(f) utility 2P — f maximised by CAS, Def. 4.2

w weight vector of the baseline, Alg. 2

Tt budget (number of outer iterations), the current one

T termination tolerance of NLP(-)

Nrp(+) nonlinear solver (L-BFGS-B), returning every point at which it evaluates f

& the pairs (x, f(x)) evaluated by NLP(-) at iteration ¢, including its finite—difference
probes

FILTER(-) non—dominated filter of Alg. 1

€ tolerance of the “eps” branch of FILTER(-), € = 107°

Z, P the objective vectors given to FILTER(-), and those it keeps

£f=1(P) stored pre-image (decision vectors) of the objective vectors in P

HV(.,") hypervolume, Def. 5.1

m number of points in an approximate PF
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